Abstract. A generalization of multiplier, controlled g-frames and g-Bessel sequences to * -g-frames and * -g-Bessel sequences in Hilbert pro-C * -modules is presented. It is demonstrated that controlled * -g-frames are equivalent to * -g-frames in Hilbert pro-C * -modules.
Introduction
Frame theory is an application of harmonic analysis. This theory has been rapidly generalized to Hilbert spaces and Hilbert C * -modules. In 2005, Sun [22] introduced the notion of g-frames as a generalization of frames for bounded operators on Hilbert spaces. Frank-Larson [5] have extended the theory for elements of C * -algebras and (finitely or countably generated) Hilbert C * -modules have been considered in [1] .
It is well known that Hilbert C * -modules are a generalization of Hilbert spaces where the inner product takes values in a C * -algebra rather than in the field of complex numbers. The theory of Hilbert C * -modules
Preliminaries
In this section, we recall some of the basic definitions and properties of pro-C * -algebras and Hilbert modules over them [7, 15, 18] .
A pro-C * -algebra is a complete Hausdorff complex topological * -algebra A whose topology is determined by its continuous C * -seminorms in the sense that a net {a λ } converges to 0 iff ρ(a λ ) → 0 for any continuous C * -seminorm ρ on A and we have:
(1) ρ(ab) ≤ ρ(a)ρ(b);
(2) ρ(a * a) = ρ(a) 2 ;
for all C * -seminorms ρ on A and a, b ∈ A.
Example 2.2. A sub-closed * -algebra of a pro-C * -algebra is a pro-C * -algebra.
Proposition 2.1 ( [6]
). Let A be a unital pro-C * -algebra with an identity 1 A .Then for any ρ ∈ S(A), we have:
Definition 2.1. A pre-Hilbert module over pro-C * -algebra A, is a complex vector space E which is also a left A-module compatible with the complex algebra structure, equipped with an A-valued inner product ., . : E × E → A which is C-and A-linear in its first variable and satisfies the following conditions:
for every x, y ∈ E. We say E is a Hilbert A-module (or Hilbert pro-C * -module overA) If E is complete with respect to the topology determined by the family of seminorms
Proposition 2.2. Let T * ∈ Hom A (E, F ). We say T is adjointable if there exists an operator T * ∈ T ∈ Hom A (F, E) such that:
holds for all x ∈ E, y ∈ F.
We denote by Hom * A (E, F ), the set of all adjointable operator from E to F and End *
). Let T : E → F and T * : F → E be two maps such that the equality
It is easy to see that for any ρ ∈ S(A), the map defined by:
is a seminorm on Hom A (E, F ).
Definition 2.2. Let E and F be two Hilbert modules over pro-C * -algebra A. Then the operator T : E → F is called uniformly bounded (below), if there exists C > 0 such that:
The number C in (2.1) is called an upper bound for T and we set :
Clearly, in this case we have:ρ
Let T be an invertible element in End * A (E) such that both are uniformly bounded. Then by [2, Proposition 3.2], for each x ∈ E we have the inequality
3)
The following proposition will be used in the next section.
Proposition 2.4 ( [6]
). Let T be an uniformly bounded below operator in Hom A (E, F ). then T is closed(range) and injective.
* -G-frames in Hilbert pro-C * -modules
Throughout this section A is a pro-C * -algebra, U and V are two Hilbert A-modules. also {V j } j∈J is a countable sequence of closed submodules of V .
for all f ∈ U and strictly nonzero elements C, D ∈ A.
The number C and D are called * -g-frame bounds for Λ. The * -g-frame is called tight if C = D and a
Parseval if C = D = 1. If in the above we only have the upper bound, then Λ is called a * -g-Bessel sequence.
Also if for each j ∈ J, V j = V , we call Λ a * -g-frame for U with respect to V .
We mentioned that the set of all g-frames in Hilbert pro-C * -modules are a subset of the family of * -g-frames. To illustrate this, let Λ = {Λ j } j∈J be a g-frame for U with respect to {V j } j∈J . Note that for
Therefore, every g-frame for U with real bounds C amd D is a * -g-frame for U with A-valued * -g-frame
Example 3.1. Let 2 (A) be the set of all sequences (a n ) n∈N of elements of a pro-C * -algebra A such that the series i∈N a i a * i is convergent in A. Then, by [2, Example 3.2], 2 (A) is a Hilbert module over A with respect to pointwise operations and inner product defined by:
. We define ab = {a i b i } i∈N and ρ(a) = ρ( a, a ) and a * :=
A (U, V j )} j∈J be a * -g-frame for U with respect to {V j } j∈J with bounds C and D. We define the corresponding * -g-frame transform as follows:
Since Λ is a * -g-frame, hence for each f ∈ U we have:
So T Λ is well-defined. Also for any ρ ∈ S(A) and f ∈ U the following inequality is obtained:
From the above, it follows that the * -g-frame transform is an uniformly bounded below operator in End A (U, j∈J V j ).
Thus by Proposition 2.4, T Λ is closed and injective. Now, we define the synthesis operator for * -g-frame Λ as follows:
where Λ * j is the adjoint operator of Λ j .
Proposition 3.1. The synthesis operator defined by (3.1) is well-defined, uniformly bounded and the adjoint of the transform operator.
Proof. Since Λ = {Λ j : j ∈ J} is a * -g-frame for U with respect to {V j } j∈J , there exist C, D ∈ A such that for any f ∈ U ,
Let I be an arbitrary finite subset of J. Using the Cauchy-Bunyakovskii inequality and [24, Lemma 2.2], for any ρ ∈ S(A) and (y j ) j ∈ j∈J V j we have:
Now, since the series j∈J y j , y j converges in A, the above inequality shows that j∈J Λ * j (y j ) is convergent. Hence T * Λ is well-defined. On the other hand, for any f ∈ U and (y j ) j ∈ j∈J V j , we have:
Therefore by Proposition 2.2 it follows that the synthesis operator is the adjoint of the transform operator.
Also, for any ρ ∈ S(A) we have:
Hence the synthesis operator is uniformly bounded.
Let Λ = {Λ j , j ∈ J} be a * -g-frame for U with repect to {V j } j∈J . Define the corresponding * -g-frame operator S Λ as follows:
Since S Λ is a combination of two bounded operators, it is a bounded operator.
Theorem 3.1. Let Λ = {Λ j } j∈J be a * -g-frame for U with respect to {V j } j∈J and with bounds C, D. Then S Λ is an invertible positive operator. Also it is a self-adjoint operator such that:
Here I U is the identity function on U .
Proof. According to the definition of the transform operator, for any f ∈ U we can write:
It follows that * -g-frame operator is positive and (3.2) also holds. Moreover, since S Λ is one-to-one it follows that S Λ is invertible.
According to (3.2) and Proposition 2.1 we have the following Lemma Lemma 3.1.
Hence the * -g-frame operator and its inverse belong to End * A (U ).
Theorem 3.2. Let {Λ j ∈ End * A (U, V j )} j∈J and j∈J Λ j f, Λ j f converge in the semi-norm for f ∈ U . Then Λ = {Λ j } j∈J is a * -g-frame for U with respect to {V j } j∈J if and only if there are two strictly nonzero elements C, D ∈ A such that for every f ∈ U,
Therefore, by Proposition 2.1,
For the converse, let (3.3) hold. Then we define a linear operator as follows:
Hence, by (3.3), we have
This shows that M is uniformly bounded. We write
On the other hand, 
Hence {Λ j } j∈J is a * -g-frame.
4. Controlled * -G-frames in Hilbert pro-C * -modules
In this section, we define the concept of multipliers for * -g-Bessel sequences and we show that controlled * -g-frames are equivalent to * -g-frames.
Let A be a pro-C * -algebra, U and V be two Hilbert A-modules. also, let {V j } j∈J be a countable sequence of closed submodules of V , L(U, V ) and L(U ) the collection of all bounded linear operators from U into V and U respectively. gl(U ) the set of all bounded operators with a bounded inverse and gl + (U ) be the set of positive operators in gl(U ).
with bounds B Λ and B θ . If for m = {m j } j ⊆ ∞ (R), the operator
is well-defined, then M is called the * -g-multiplier of Λ, θ and m.
Proof. Let I be an arbitrary finite subset of J. Using the Cauchy-Bunyakovskii inequality and [24, Lemma 2.2], for any ρ ∈ S(A) and f ∈ U we have:
so by Proposition 2.1 we have:
Hence we have:
On the other hand for every f ∈ U
These inequalities yield that Λ is a * -g-frame with bounds A C −1 , B C −1 . Conversely assume that Λ is a * -g-frame with bounds A , B . Then for all f ∈ U ,
For the lower bound, since Λ is * -g-frame for any f ∈ U ,
Therefor Λ is a C 2 -controlled * -g-frame with bounds A C −1 , B C −1
Multipliers of controlled * -G-frames in Hilbert pro-C * -modules
In this section, we define the multiplier of a controlled * -g-frame for C-controlled * -g-frames in Hilbert pro-C * -modules. The definition of general case (C, C )-controlled * -g-frames is similar.
is a well-defined bounded operator.
sequences for U , with bounds B, B , respectively. For any f, g ∈ U and finite subset I ⊆ J, ρ( j∈I m j Cθ * j Λ j C f ) ≤ sup{ρ j∈I m j Cθ * j Λ j C f, g : g ∈ U , ρ(g) ≤ 1}
= sup{ρ( j∈I m j Λ j C f, θ j C * g ) : g ∈ U , ρ(g) ≤ 1}
≤ sup
So by Proposition 2.1 we have: The above Lemma provides a motivation for the following definition.
Definition 5.1. Let C, C ∈ gl + (U ) and Λ = {Λ j ∈ L(U, V j ) : j ∈ J}, θ = {θ j ∈ L(U, V j ) : j ∈ J} be C 
